Doping of silicon via phosphine exposures alternating with molecular beam epitaxy overgrowth is a path to Si:P substrates for conventional microelectronics and quantum information technologies. The technique also provides a well-controlled material for systematic studies of two-dimensional lattices with a half-filled band. We show here that for a dense (n s = 2.8 × 10 14 cm −2 ) disordered two-dimensional array of P atoms, the full field magnitude and angle-dependent magnetotransport is remarkably well described by classic weak localization theory with no corrections due to interaction. The two-to three-dimensional crossover seen upon warming can also be interpreted using scaling concepts developed for anistropic three-dimensional materials, which work remarkably except when the applied fields are nearly parallel to the conducting planes.
layer thickness of 10 nm [6] . Table I shows that the δ-layer Beyond their potential for conventional and quantum 51 electronics, the P δ-layers are of fundamental physical interest 52 because they realize a disordered 2D Hubbard model where the 53 sites are provided by the P dopants. This unprecedented high 54 density should allow us access to what should be the simple 55 (disordered) Fermi liquid regime for large t/U, where t is the 56 hopping integral and U is the on-site Coulomb interaction, 57 where classical weak-localization (WL) theory should become 58 exact.
59
We have consequently set out to test this hypothesis, taking 60 advantage not only of high quality δ-layers of phosphorus in 61 silicon, but also of a modern vector magnet, which allows 62 fields to be applied in arbitrary directions under software 63 control. The density of dopants in the conducting slab in our 64 sample is 2.8 · 10 14 cm −2 , which corresponds to a typical 65 interimpurity spacing of 1.5 nm, approximately the Bohr radius 66 for P in Si. Theoretical estimates [10, 11] of the Hubbard 67 model parameters for Si:P show for interimpurity spacing 68 of 0.75 nm, the unscreened on-site energy U ≈ 40 meV 69 would be similar to the tunneling rate t. Additionally, some 70 reduction of U is expected due to screening and hence it is 71 likely that the experimental regime that we study here is well 72 described by the metallic regime of the Hubbard model [12] . 73 On this backdrop, the focus of this paper is a full-temperature, 74 magnitude-, and angle-dependent magnetoconductance (MC) 75 set of experiments showing unprecedentedly rigorous demon-76 stration of the validity of WL theory in two dimensions, 77 including the remarkably simple formula where the in-plane 78 field component, due to the thickness of the finite δ-layer, 79 simply increases the inelastic scattering rate to be inserted into 80 the Hikami-Larkin-Nagaoka WL formula [13] form (which is 81 valid in the limit of zero thickness and depends only on the 82 perpendicular component):
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We associate 2/p with a generalized anisotropic power-law use of a locking layer [17, 18] . This is similar to the work
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by Goh et al. [19] . The finished δ-layer was processed into [13] and Dugaev and Khemlnitskii [20] . The resulting layer 146 thickness following Sullivan et al. [21] is 9.44 ± 0.47 nm, with 147 a negligible temperature dependence. There was no measurable 148 difference between the MR with the field in both in-plane 149 directions. Figure 2 (b) shows the temperature dependence of 150 the transport parameters derived from the fits. We see that 151 the conductivity scales as ln(T ), as expected [22] . The phase 152 coherence length L ϕ has a power-law temperature dependence, 153 and much like previous results in different material systems and 154 thicknesses, it saturates at low temperature [23] [24] [25] [26] [27] [28] . The mean 155 free path L is only weakly temperature dependent, and as the 156 temperature increases L ϕ tends towards L. We expect the WL 157 approximation to break down as a result. The experimental 158 values of τ B are shown in Fig. 2 (c) and we find that they 159 are proportional to B 2 as expected, with a weak temperature 160 2 . The black line is MOSFET data from Mensz and Wheeler [14] .
dependence [14] . The proportionality coefficient is 1.5 orders 161 of magnitude lower than in previous MOSFET results, meaning 162 that the in-plane field in our work has a larger phase-breaking 163 effect. We attribute this to a rougher interface of the δ-layer 164 compared with the MOSFET [29] , related to the absence of 165 a locking layer. Indeed, the use of WL for evaluating surface 166 roughness was disccussed by Anderson et al. [30] .
167 Figure 3 shows the p-mean fits. In Fig. 3(a) , we see σ xx 168 (hereafter referred to as σ ) at 22 mK and 2 T as a function of 169 the field angle in the ZX plane (blue). The sum of σ caused by 170 a parallel field and a perpendicular field at the appropriate mag-171 nitudes is shown in green. The traces intersect at 0
• , 90
• , 180
• , 172 and 270
• (measured from the plane), since only one field com-173 ponent is nonzero. At other angles, this is clearly not the case. 174 The red trace is a p-mean of the perpendicular and parallel field 175 MC, where the fitted value of p is 4.18 ± 0.10. The p-mean 176 fits at 2 T for a temperature range of 22 mK-30 K are shown 177 in Fig. 3(b) and the quality of the fits is maintained. σ and 178 p-mean fits at 22 mK, for different field magnitudes, are shown 179 in Fig. 3(e). Figures 3(c) and 3(d) show that the normalized 180 deviation between the tilted-field measurement and the p-mean 181 fit remains within 5% at different angles and temperatures. 
IV. DISCUSSION

188
To understand the origin of the p-mean we begin by 189 considering the isotropic 3D case, where the MC depends only 190 on the magnitude of B [16, [31] [32] [33] . At low and high fields, it 191 can be approximated by a local power law:
where p = 
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A corresponding theory for anisotropic 3D samples, where 201 σ depends also on the angle θ of the field B with respect to 202 a reference plane in the sample, was discussed by Mauz et al. 203 [34] . A one-parameter scaling rule for the magnetic field was 204 deduced, by which σ for all angles collapses onto a single 205 scaling curve:
where the anisotropy enters only through the effective field 207 B * , related to the physical field B by the angle-dependent scale 208 factor ξ (θ ). ξ (θ ) determines the effectiveness of a field at angle 209 θ in disrupting WL relative to that of a perpendicular field. 210 Following Ref. [34] , we define a scaling for our single quasi-2D 211 layer as where ξ 0 1 denotes the effective anisotropy ratio. We find a 213 similar scaling collapse in our experimental data, as shown in by the expression derived in Ref. [13] . This is in contrast to 217 Mauz et al. [34] , where the anisotropic collapse is to the bulk finite layer roughness and finite temperature [15] . For large 224 angles, we see
Assuming that 2/p is the log derivative of f , then 226 (7)], with θ i derived from the WL MC in Refs. [13] and [20] . The X-axis errors originate in the L ϕ errors in Fig. 2(b) . Top and bottom insets are the temperature and field dependences vs temperature and field magnitudes, respectively.
power-law [Eq. (3)], then it would follow that 228 cos 2 (θ )
In that case, the p-mean relation [Eq. (2) At this angle, the p-mean exponent can be conveniently 248 expressed as
provided Eq. (2) holds at the crossing point [which is empiri-250 cally found to be the case, see Fig. 3(d) ]. At the crossing angle we have, using Eq. (5),
and hence
i.e., the easily measurable θ i directly quantifies the MC 254 anisotropy.
255
Using Eq. (6), we see that ξ (θ i ) −1 = √ 2 sin θ i . Once again 256 using the empirical validity of Eq. (2) at the crossing point, we 257 see that
This expression for p does not rely on the power-law 259 assumption of Eq. (3). It then follows that
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ξ 0 can be related, at high fields, to τ el , τ ϕ , and τ B (the elastic,
263
inelastic, and phase-breaking times, respectively) through an 264 asymptotic approximation, i.e., at grazing angles (see pendix for this derivation):
where D is the diffusion constant and ψ is the digamma and parallel-field MC measurement (e.g., the squares and 275 triangles in Fig. 2(a) , respectively), then the crossing angle 276 θ i can be found, for arbitrary magnetic fields, by interpolation.
277
Both ξ 0 and p(B) can then be calculated, and using Eqs. (5) 278
and (6) or (2), respectively, a full angle and field-magnitude 279 map of σ is constructed.
280
The scaling parameter ξ 0 can also give an indication to 
where β represents the dephasing strength of the parallel 329 magnetic field, as has been discussed in several microscopic 330 derivations [14, 15, 20] , and B * = B/ξ (θ ) is the rescaled ef-331 fective magnetic field. We can now try to compare the MCs 332 assuming that θ ≈ θ i , an assumption which yielded a good 333 description for ξ 0 as described in the main text with Eq. (9). For 334 low temperatures, we find that the crossing angle is relatively 335 small. Equating σ and σ (s) ⊥ and numerically extracting the 336 dependence of ξ 0 on temperature even for very small angles 337 θ ≈ 0.01 yields a good approximation to the dependences 338 depicted in the inset of Fig. 5(b) .
339
To obtain insight into the dependence of ξ 0 on the phys-340 ical parameters, we proceed with approximating each of the 341 digamma functions, which appear above in the expressions for 342 σ and σ for high temperature where the crossing angles are large.
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We note that according to this derivation, ξ 0 also observes a 362 dependence on the magnetic field. We argue that this manifests 363 the approximate nature of the scaling ansatz where ξ 0 is taken 364 as constant. The constant ξ 0 is determined by a fit and is 365 mostly influenced by data at medium field strengths. The 366 influence of ξ 0 is most important at medium range fields 367 because at small fields the MC is small and at large fields 368 the MC varies slowly with fields. In practice, this typical 369 scaling factor, when applied to all measured angles and 370 fields, performs well. We also see that the dependence of 371 ξ 0 with temperature, i.e., τ ϕ is consistent with trends found 372 here. 
